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B9000 Gent, Belgium

Received 1 November 1985, in final form 9 July 1986

Abstract. In contrast to Lie algebras, Lie superalgebras contain typical and atypical
irreducible representations. Character formulae for typical representations of classical Lie
superalgebras have been known for a long time, but the structure of atypical representations
remained unsolved. In this paper we construct the character formula for atypical representa-
tions of the special linear Lie superalgebras sl(m/n).

1. Introduction

Since the work of Corwin et al (1975), Lie superalgebras have become increasingly
important in theoretical physics. We only mention their evidence in supersymmetry
(Fayet and Ferrara 1977), supergravity (van Nieuwenhuizen 1981) and nuclear physics
(Tachello 1980) here. Simple Lie superalgebras were classified completely (Kac 1977,
Scheunert 1979) and it was shown that classical Lie superalgebras can be described
by a Cartan matrix or, equivalently, by a Kac-Dynkin diagram.

Finite-dimensional irreducible representations (irreps) of Lie superalgebras were
studied by Kac (1978) and categorised as being either typical or atypical. Typical
representations have properties analogous to those of finite-dimensional irreps of Lie
algebras and are relatively easy to handle. Kac (1978) constructed a character formula
for typical irreps of classical Lie superalgebras. Atypical representations are much
harder to deal with. Various techniques have been used in order to get a deeper insight
into the structure of atypical representations, but still no completely general character
formulae exist. Among the techniques used we mention methods based on superfields
(Farmer and Jarvis 1983, 1984), tensors and supertableaux (Balantekin and Bars 1981,
1982, King 1983), shift operators (Hughes 1981, Van der Jeugt 1984, 1985a), weight
spaces (Hurni and Morel 1982, 1983) and generating functions (Sharp et al 1985).
Atypical representations are important for several reasons. Firstly, adjoint representa-
tions of Lie superalgebras are usually atypical. Secondly, it was shown recently (Van
der Jeugt 1985b) that the phenomenon of multiplet shortening in supergravity models
(Freedman and Nicolai 1984) is explained by the structure of atypical representations
of the underlying superalgebra.

In the present paper, we study finite-dimensional atypical representations of the
Lie superalgebras sl(m/n), sometimes denoted by SU(m/n), spl(m, n) or A(m -1,
n—1). The main result is the construction of a character formula for atypical represen-
tations, given by (4.31) when precisely one of the atypicality conditions is satisfied.
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810 J Van der Jeugt

The outline of the paper is as follows: in § 2, the algebra is defined and the Chevalley
basis is constructed. It is also shown how the atypicality conditions are derived. In
§ 3, a very useful theorem is proven, which shows the existence of a special highest
weight vector in the Verma module V(A), if A corresponds to the highest weight of
an atypical representation. This property is used in § 4 in order to obtain the character

formula for atypical representations of sl(m/n). Section 5 gives an example for
L=s1(3/2).

2. Conventions and notation for sl(m/n)

In matrix notation, the standard form of the Lie superalgebra sl(m/n) is defined as
follows (Kac 1977):

si{m/n) = {x= (: 3)

where a is a complex (m X m) matrix, b a (m X n) matrix, ¢ a (n X m) matrix and d
a (nx n) matrix. The Lie superalgebra sl(m/n) is simple if m # n. If m = n, it contains
the non-trivial ideal C - I,,,, and then sl(n/n)/C - I, is simple. In this paper, we shall
prove the results only for m # n, but they can easily be deduced for m = n. The even
subspace of sl(m/n) is the space for which b and ¢ are zero and the odd subspace
consists of matrices with a =0 and d =0.

Let ¢; be the matrix with entry 1 in the ith row and jth column, and 0 elsewhere.
We set

strx=Tra—Trd=0} (2.1

I,= Z €ii (2.2)
i=1
m+n

In = z €;. (2.3)
i=m+1

The Cartan subalgebra H of sl(m/n) is spanned by
h,=e,,+(1/ﬂ)!,, (i=1,...,m)
Bsi =(1/ M), + €iimasi (i=1,...,n) (2.4)

ho=(1/m)1,+(1/n)I,.
Only (m+n—1) of the elements (2.4) are independent since

Z h(—mh0=0
i=1
(2.5)
m+n
Z h,'_nh():O.
i=m+]
H is contained in the set of diagonal (mxn)x(m+n) matrices D=
{d =diag(d,,,...,dp+nm+s)} and the linear forms ¢ (i=1,...,m) and § (j=
1,...,n) are defined as follows:
e(d)=d;
(2.6)

aj(d) = dm+j,m+j-

The same notation is used for the restrictions of ¢; and §; to H. Then, the following
relations can be checked for i=0,1,..., m+n:

(hi, ex] = (& — &) (h)ey l<j k=m
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[Ris emsim+x] = (8 — 8 ) (hi) s jimsk I<jksn (2.7)
[his €mer]= (& — 8 )M} € mai I1sjsml<k=sn
(R, emejn] =(—&x+8;) () emsx I<sjsnl<sksm

This shows that the even (resp odd) roots are given by
Ao={g—e(1<j,k=m),5,—-8,(1<p,g=<n)} 28)

(respA; ={x(g; =8 )(1<sjsm,1<k<n)}).
A set of simple roots is given by
(ali"'5am+n—1)=(€l_82,'"’Em—|_€m3 8m_6la61_52,"',6"—1—-5n) (2'9)

where a,, = £,, — 8, is the only odd simple root. The root vectors E; and F, corresponding
with «; and —a;, respectively, are equal to

E =¢,4 Fi=e.; i=1,...,m—-1
E. =enm Fro=eniim (2.10)
Evi=emeimsivi Fri=€miivimei i=1,...,n—1L

Then we have
LE;, F;]=6,H; (2.11)
with
H =h—h, i=1,....m—-1,m+1,... m+n-1
H,=hy,+hy,. . —h,.

The Lie superalgebra sl(m/n) is generated by the set {H,, E,, F;} (1sism+n-1),
and the generators satisfy

(2.12)

[H;, Ej]=c,E; [H;, F]=—c;F (2.13)
with
m+n-—1
! {
2 -1 !
-1 2 -1 |'
-2 2
-1
-1 2 —1:
C=le)=| TS O YT em  (214)
-1 2 -1
-1 2 -1
-1
2 -1
| -1 2 «m+n-—-1.

The non-degenerate supersymmetric bilinear form (x, y) =str(xy) on sl(m/n) is still
non-degenerate on H, and hence induces a non-degenerate bilinear form ( , ) on the
dual space H*:
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(Ei’ Ei)=5|/—1/(m_n)
(&, 8)=—-1/(m—n) (2.15)
(8x, 8))=~8y—1/(m—n) Isijsml<kl=n

where §; or 8, is the Kronecker symbol.
Note that (2.9) determines the positive roots, namely

A ={g—ea(lsj<k=m),§,-8,(1sp<g=n)}

(2.16)
AT={¢g-d(1<jsm1<k<n)}
Hence, in the notation of Kac (1978)
AT =A7. (2.17)
As usual, p is defined by
p=po=p=}% 2 a-3 2 B (2.18)
acA} Bea;
which gives explicitly
p:%i](m—n—2i+1)s,.+§i](m+n—2j+1)5,. (2.19)
= =
Furthermore, if A € H*, we set
a;,=A(H,) i=1,...,m+n—-1, (2.20)

With every A€ H*, an irreducible module V(A) with highest weight A is associated
as follows. First,theelements{H;, E;}(i=1,..., m+n—1) generate a Borel subalgebra

B of si(m/n). Then, (v,) is a one-dimensional B module by
Huy, =ayv,
o (2.21)
Ev,=0.

F~ollowing Kac (1978), we set V(A) = Indg(v,) (with L= s}_(m/n)) and V(A)=
V(A)/I(A), where I(A) is the unique maximal submodule of V(A). Kac proved that

all finite-dimensional irreps of sl(m/n) are of type V(A) and that V(A) is finite-
dimensional if and only if

aelZ, fori# m. (2.22)
In general, an irreducible highest weight representation V(A) is typical if
(A+p,B)#0 VBeAl. (2.23)
Making use of (2.15), (2.18) and (2.20), we deduce that
(Atp,e—8)=ata,+.. .78, Qni1 = Quiz—. ..~ Qe tm—I1—j+1
(1slsm1<sjsn). (2.24)

These expressions give rise to the atypicality conditions for si{m/n)=A(m—-1,n—-1).
For finite-dimensional typical representations, a character formula is well known (Kac
1978). In the following sections, we shall obtain a character formula for atypical irreps.
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3. Existence of an eigenvector of B

In the present section we shall prove that if (A+p, B)=0 for a certain 8 of A7, then
there exists a weight vector v,_g of V(A) such that v,_, is an eigenvector of B. The
proof is very simple for 8 = «,,, the unique odd simple root.

Lemma 1. There exists a weight vector w,,; of V(A), with corresponding weight
A~a,=A—(g,—8,), such that
Ew,, =0 foriZm

(3.1

Emwm,l = amv\-
Proof. Let w,,= F,v,. This is a weight vector with weight A —a,,, and for i # m we
have
Ew,,=F,Ev,=0
whereas for i=m
Emwm,l = (_FmEm + Hm)v‘\ =QpUy .
A similar property for the roots ¢,,—8§; (j=2,...,n) of A7 is given in lemma 2. The

proof of lemma 2 is more technical, although we only make use of the generating
relations (2.11) and (2.13).

Lemma 2. For je{2,..., n}, there exists a weight vector w,, ; of V(A) with weight
A—¢€,,+§;, such that
Ew, ;=0 Vi#Em
_ N (3.2)
EWp,=(@n—0pir=. .= Qo —jt Dwn iy
where w,, ,_, is a weight vector with weight A—8,+38;.
Proof. First, we check the result for j=2. We put
szmFm+lv\ ysz-HFmv\' (33)

Obviously, Eixx=E;y=0 for all i#m,m+1. For i=m+1, we find, making use of
(2.11), (2.13) and (2.21),

Epi1X=0,:1Wn,

Epiy=(ape +1)w,,.
Hence we let

Wi2=(Qpei t1)X— @iy (3.4)
for which E,, .\, w,,,=0. Then, we see

EoWn:=[(ap1+1)(@p —1) = Qi 1@ ] Fr U

=(am_am+l_1)Fm+\UA (35)
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and F, . v, is a weight vector with weight A—68,+8,. Moreover, we introduce the
following notation:

if  w=Yc .(a,...,8nin2)FF, ... Fv, (alliy<m+n-2)
then w” =Z Ci,...u(az, ceey am+n—|)Fi,+| RN ST I (3.6)

where ¢, , are polynomial functions in a,, ..., @,+,—,. Hence, w" is deduced from
w by increasing all the a; and F; indices by 1. With this convention, we see that

Emwm,2=(am_am+l—l)w:t,]- (3-7)
Lemma 2 is proven in the case j=2. For j>2, we shall prove the property by means
of induction on j. Hence, we may start from the following induction hypothesis:
(2=<sj=sn-1).
Let
W j = Z ? VR FUPTU am+j-l)Pk(Fm’ Frvisooo, Fm+j—l)vA- (3.8)

(k)
Here, k belongs to a subset S of the set P ={o| o is a permutation of (m, m+1,..., m+
j=1)}. In order to describe S, let = be the equivalence relation on P defined by
01202©F0|(m)"'Fﬂl(m+j—l)=F0’:(m)"‘F()‘:(m+j—1) in U(Sl(m/")). (3-9)

Then S is the set of equivalence classes in P for the relation =; when an equivalence
class is represented by a particular representative, S can be seen as a subset of P
Since [F,, F,]=0if g# p+1 in sl(m/n), we see that the cardinality of S equals 2"

(whereas the cardinality of P is, of course, j!). For k€ S, Fi(m)Fi(m+1) - -+ Fi(m+jo1) i
denoted by Pi(F,, Fns1,. .., Fusjoy) and Ag(@per, ..., @mej-y) is the corresponding
coefficient which is a polynomial in a,..,,..., @m.;-;. The vector (3.8) satisfies the
following properties:
Ew,, ;=0 Vi#m
. . (3.10)
E.w, ;= (@m—Qper—...— Amij1—J+ l)wm.j—l-

This describes the induction hypothesis completely and it is easy to verify it for j =2.

Now we will prove the property for (j+1). For this purpose, define, in a similar
way as in (3.3),

X =F,wy
=FmZk:Ak(am+2,---,amﬂ)Pk(FmH,---,Fm+j)vA (3.11)
Y=;Ak(am+2""sam+j)Pk(Fm+l;"',Fm+j)Fva-
Then, for i#m, m+1,
EiX=FmEiw,+,,j.

However since i>m+1, Ew,,; is equal to (Ei-;Wm;)", which vanishes according to
(3.10). Hence

EX=0 fori#m m+1, (3.12)

Making use of the explicit form of X, the action of E, implies that all F; are replaced
by H;:

O= E,»X=F,,,;Ak(am+2, ceay am+j)Pk(Fm+,,. ‘e H,', sy Fm+j)vl\

i;émvm""l. (3-13)
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In (3.13), H, is substituted by its eigenvalue (a, + ¢), where the number ¢ is 0, 1 or 2,
if no, one or both of the operators F;_,, F;,, are placed behind H; in the explicit form
of P,, respectively. But then (i#m, m+1)

EY =Y A(@mezy s @mej) P Frsryo .y Hiyo ooy Fopy ) v =0 (3.14)
k

because H; is substituted by the same eigenvalue, since [H;, F,,]=0. Now, consider
the case of E; = E,,.,. Obviously

Em+lX = FmEm-HW:lj-

The vector E,. W, ; is not equal right away to (E,w,;)", since the mth row of the
Cartan matrix C (2.14) differs from the next rows. But that E,,.,w,,; is still related
to (E,wn;)" can be seen as follows.

(i) In order to compute E, .,w,,, all F,,,, in w,, are replaced by H, ., and then

H,,,, is substituted by a,,+— ¢nsi m+2= Gm+1 +1 if F, ., appears behind H,,.,, and
by a,+, otherwise.

(ii) In order to compute E,w,,;, all F,, in w,, are replaced by H,, and then H,, is
substituted by a,, — ¢ m+1 = a, — 1 if F,,,, appears behind H,,, and by a,, otherwise.
Hence, if we take E,w,,, replace all a,, by —a,,, then change the signs of all coefficients,

and finally increase all indices by 1, we must obtain E,.,w,,. But E,w,,; is given in
(3.10), hence

Em+1W;J =(Am+y T Amsat. . Aty tj— I)W:-:'—l (3.15)
or

Epir X =(ame1t Quazt. .ot Qe +j— 1) Fawiiy. (3.16)
Then we find

Em+1 Y=;'\k(am+2’ ] am+j)Pk(Hm+ly Fm+2; LI Fm+j)Fmv.\' (317)

The expression on the right-hand side of (3.17) is the same as in the one for E,,., X,
but with F,, placed at the end. This implies that, compared to E,., X, all a,,., are
replaced by @,y — Cpy1.m = Qv + 1. This leads to

Epni1 Y=(Cui1t izt F api +)Fwniioy. (3.18)
Hence, if we put
W, jr1 = (A1t eyt .. AU )X = (@i T At FapTji-1)Y (3.19)

W j+1 is precisely of the form (3.8) with j»j+1, and from (3.12), (3.14), (3.16) and
(3.18) we see that

EW, ;v =0 Vi#m. (3.20)
Finally, since
EmX = Hmw:-nj = (am - l)w::j

and

EmY=Z /\k(am+2, ey am+j)Pk(Fm+|, ceny Fm.*.j)HmU‘\ = amW:,j
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we find
E Wy e = [(@merF Quezt. . ¥ Qs T i) an~ D=(@mat.. . *an;+j-— l)am]W;‘j
=(am_am+l—--°*am+j_j)w:‘nj (3-21)

and obviously w,,; is a weight vector with weight A—8,+6,.,.
Y Wy g j

In the next lemma, the property (3.2) will be extended for the case of weight vectors
with weight A—(g~8§,) with 1slsm-1.

Lemma 3. Forle{l,...,m}andje{l,..., n}, there exists a weight vector w; of V(A)
with weight A — ¢, + §j, such that
Ew,;=0 Vil
. (3.22)
Ewy=(ai+ @t .ty —Quei— 0.~ Gy Tm—=l—j+Dw

where wy., ; is a weight vector with weight A —¢,,,+8§; for I<m.

Proof. From lemma 2 we see that (3.22) is true for / = m. Hence we will prove lemma

3 by induction on L Thus, we may suppose that there exists a vector wy; of the following
form:

wu=§k: MP(F, Frogy ooy Frjo1)vy (3.23)
(k)
such that (3.22) holds. Herein, A, is a coefficient dependent on a;.y, @142, -+ 5 mejo1-
We put

X = F/—lwlj =F_ ; AP(F, .., Fm+j—1)U_\

(3.24)

,V =§Akpk(1:ls LIRS Fm+j—1)}:l-lv‘\'
Then, for i #1 /-1, we find that

E,-X=F,_‘E,~W,j=0 (3-25)
and in a similar way as in the proof of lemma 2, this implies

Ey=0 forizl1-1. (3.26)

Next, we take E; = E;. Then the induction hypothesis leads to
Ex=(at+a,+..v8n—Qui1— .= Auejatm—=I—j+1)F_w., . (3.27)

Similarly as in (3.17)-(3.18), we see that E;y can be deduced from E,x by replacing
a by a—c,.,=a+1. Hence

Ey=(mta,+.. v, —api1—...—Qpujo tm—1—j+2)F_wy ;. (3.28)
So, we define
Wi, =@+, .+ 8, =y = . — Ay tm == j+2)x

—(@+...ta,—Apniy—. ..~ Qpyjo tm—=1—j+1)y. (3.29)

Then, also Ew,_, ; =0, and since E,_,x = H,_,w; =(a;-,+1)wj and E,_,y = a,.,w;;,, one
obtains

E_yw_;=(a ta+.. . van—Quiy—. .= Qmsjo tm—1—j+2)wy. (3.30)
This proves lemma 3.
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Theorem 1. Let Be A7 =A]. Then (A+p, B) =0 if and only if there exists a weight
vector v,_g of V(A) with weight A — 8 such that v,_; is an eigenvector of the Borel
subalgebra B. Moreover, such a vector v,_g is unique (up to a non-zero factor).

Proof. If (A+p, B)=0 then (2.24) and the previous lemmas show the existence of a
vector v,_g with the required properties. On the other hand, let v,_; be a weight
vector, which is an eigenvector of B. Since B A7, wecanputB=¢ -8, (Islsm, 1<
j=n). Then, the most general form of a weight vector in V(A) with weight A—B is
equal to

v.\—,B-:;“kPk(F‘ls E+l,"'aFm+j—l)v.\ (331)

with w, arbitrary coefficients and (k) belonging to the subset S of permutations of
(L1+1,...,m+j—1), as described in the proof of lemma 2. Since v,. is an eigenvec-
tor of B, we have to require that E;v,_g =0, for all i. But

Evy.3=0 fori=I+1,14+2,..., m+j—1 (3.32)

are precisely the conditions that determine the coefficients u, (up to a factor), as can
be seen from the proof of lemmas 2 and 3. Hence, u. = cA, for all k and v,_z = cwy,.
This shows that v,_z is unique and

Eps_g=(A+p, BV (3.33)
implies that (A+p, B) =0, since v,_ is an eigenvector of B.

Note that theorem 1 can partly be deduced from theorem 3 of Kac (1978). The main
difference, however, is that we have given an explicit construction of the vector v,_g.

4. The character formula for atypical representations

Let we W be the elements of the Weyl group of sl(m/n);=sl{m)@sl(n)®C. Then
the character of a typical finite-dimensional irrep is given by (Kac 1978)

_ Mgeat [exp(B/2) +exp(=B/2)]
ch V(A)—HaeAg [exp(a/2) —exp(—a/2)] w;W e(w) exp[w(A+p)]. (4.1)

Here, exp(a) is the notation for the formal exponential. Since A=
{e:.=8 (i=1,...,m;j=1,..., n)}, we may denote this set by A} ={B,, 8, ..., Bmn}.
Also, since

P1 =% Bi (4.2)
the following equality holds:
H] [exp(Bi/2) +exp(—Bi/2)]=exp(p)+ }. exp(p, = Bi)
i= i=1

+ XYY exp(p=Bi—B)+...+exp(—p)). (4.3)

Isi<jsmn
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On the right-hand side of (4.3) there appear (mn +1) parts with, respectively, 1, mn,
mn(mn-1)/2, mn(mn—1)(mn—-2)/3!,...,1 term(s). The (k+1) part in (4.3) is of
the form

) exp(p,—Bi,— B~ .= Bi,)- (4.4)

tsi<n<...<igsmn
Since w(p,) =p, (see Kac 1978, proposition 1.7¢), A is invariant under W and W
acts transitively on A7, we find that

Z exp(p, -Bi—...—By) =Z exp(p,— w(Bi,)—...—w(B,)) (4.5)
for any element we W, where the summation in (4.5) is the same as in (4.4). Hence,
(4.3) is W invariant. Then, combining (4.1)-(4.5), one obtains

ch V(A) [] [exp(a/2)-exp(-a/2)]

aglg

=X s(W)exp[W(Ahoc)H.mg( ) E(W)exp[W(A+po—B,-)])+---

we W i we W
+ Y ( Z e(w)exp[w(A+po—[3,.]—...—B,v‘)])+...
Isii<..<iismn \weW
+ X e(w) exp[w(A+po~2p,)]. (4.6)
we W
Expression (4.6) contains 2™" non-zero sl(m)@®sl(n) characteristics if and only if all
A—=B;—...— B, correspond to highest weights of sl(m)@sl(n), i.e., if and only if
alla,=n forilsism-1
(4.7)
alla,=zm form+l<sism+n-1,

In that case, it follows from (4.6) that the irrep V(A) splits in 2™" irreps of the Lie
subalgebra sl(m)®sl(n).

Since sl(m/n) is a Lie superaigebra of type I, we have the following Z gradation:

slim/n)=L_®L,®L,, (4.8)

where Lo=Lg and L, (resp L_,) is the subalgebra of sl(m/n) spanned by the matrices
(5 o) (resp (2 9)) in (2.1). Put

P=L,®L.,. (4.9)

Let A be a weight such that it is dominant integral for the Cartan subalgebra of

sl(m)@sl(n). Then A determines unambiguously an Ly module V°(A) which is irreduc-

ible and finite dimensional. We extend V°(A) to a P module by putting L. ,( V°(A)) =0.
Then we define, following Kac (1978), the induced L module

V(A)=Ind} VO(A). (4.10)

Under these_conditions, V(A) is finite dimensional and it contains a unique maximal
submodule 7(A) such that

V(A)= V(A)/T(A). (4.11)
Now we make use of the following property (Kac 1978, proposition 2.1.c).
Proposition 1. Let Hc L be a subalgebra of L containing L; and g,,..., g be odd

elements of L whose projections onto L/H form a basis. Let Z be an H module. Then,
one has the vector space decomposition

Indiz= @ g....8Z (4.12)

Isij<..<ig=t
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We can apply this for H=P and Z= V°(A):
Vo= @ g--& V(W) (4.13)

lsi<...<igsmn

where g; is a root vector of the root space L™®. The character of V°(A) is given by
Weyl’s character formula. Hence (4.13) implies

2 ew e(w) exp[w(A+po)]

_ 4,14
oh Vn) = [ 1+ exp-mN e (.14
Making use of arguments as in (4.4)-(4.5), this leads to
ch V(A) H [exp(a/2) —exp(—a/2)]

asAo

= ‘ ( 2 e(w)exp[w(A+po—B;~.. -“Bik)]>~ (4.15)

Note that the right-hand sides of (4.6) and (4.15) are equal, but (4.6) is valid only for
typical weights A, whereas (4.15) can also be used for atypical weights (in both cases
A is the dominant integral for sI(m)@®sl(n}). In fact, this shows thatch V(A) =ch Y(A)
for A typical, which is obvious, since Kac (1978) proved that in this case V(A)= V(A).
When A is an atypical highest weight, V(A) will not be irreducible, and then the
question is: what is the maximal invariant subspace of V(A)?

Obviously, V(A) is also an L module and, according to (4.15), it splits in 2™ parts

with highest weights givenby A—8; —...—8; (1=<i,<...<i,=<mn). Let S be the set
of sequences s =(i;,..., i):
S={s=(iy,...,0)1<i,<...<i,<mn). (4.16)

With every element s of S there corresponds a weight A, under the mapping o: S~
H*:s>A,=A-B,—...—Bux. The elements A (seS) are called the weights of S.
Note that $ contains 2™" elements, but to different elements of S there may correspond
equal weights (for instance, if 8;+ B8; = B, + B,). The weights of S are dominant (and
hence correspond to highest weights of irreducible finite L modules) if (4.7) is satisfied.
From now on, we shall suppose that this is the case. Let v} (s€ S) be the highest
weight vectors of the L; modules V°(A,). Since these highest weight vectors are
elements of V(A), they can be written in the following form:

=Yg, - 80Q,®u, s=(iy, ..., 0). (4.17)

Here, the summation is over certain root vectors g; , ..., g, (corresponding to negative

odd roots —B;,,..., —B;) and elements Q;,€ U(L;) with weight -2 n.a(a € Ay, N, =
0) such that

By, t...+B8,=8,+...tB, +tIn.,a (4.18)

is satisfied. Note that due to (2.8) the number of odd roots on both sides of (4.18) is
always the same. Also, (4.17) always contains a non-vanishing term of the form
g - -8, Ov,.

Let us now consider the situation in which precisely one atypicality condition is
fulfilled:

(A+p,B,)=0

(4.19)
(A+p,B)#0 fori# p.
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Then theorem 1 shows the existence of a B eigenvector v"\ABP of V(A):
%, = R®uv, Re U(L). (4.20)

In fact, an explicit construction of R has been given in § 3. Note that R can be written
in the following form:

R=g,+8yT u+8 T-oT a+... (4.21)

where a,, a}, a,...€Ag, T, are the corresponding root vectors and
B,=Bpta,=Byta tar=... (4.22)
It is obvious that v$_g, can be identified with an element of V(A), also given by (4.20):
8., € V(A). (4.23)

The weight A— g, determines an L module V(A —B,) with highest weight vector
us-pg,. Then, just as in (4.10), V(A—-p,) is well defined. The L module V(A-8,)
splits into a number of irreducible L modules:

VIA-B,)=X,®...®Xy N=2m,
Let x, be the L; highest weight vector of X,. The weight of x, is of the form o(s,) - 8,
for some s, € S. Suppose s, = (iy, ..., i), then the analogue of (4.17) is

=28 - 8QH®uUs g, (4.24)

We define a mapping A from the elements x, in (4.24) to V(A) by replacing uy-p, by
R® v, on the rHs of (4.24). Then A is extended to elements of the form gx,, g € U(Lg)
by putting A(gx,) = q(Ax,). In this way, A is defined for all elements of V(A—B,,).
Also, every element of V(A — B,) can be uniquely written as a sum of elements of the
form gx,.

Lemma 4. The mapping A: V(A—,) > V(A) satisfies the following properties:

(a) it is a homomorphism of L modules: if u, u'e V(A-B,), xeL and x- u=u/,
then x+ Au= Au’;

(b) x. with weight o(s,)— B, is mapped into the zero vector if and only if a(s;) —
B, g o(8).

Proof. It is enough to prove (a) for elements of the form u = gx,, g € U(L;). But for
such elements (a) follows from the fact that v,_4 is a highest weight vector for L and
the definitions of V(A — B,) and V(A). As a consequence, A preserves the weight of
weight vectors. To prove (b), let sc=(i,,..., i) and o(s)— B, € o(S). According
to (a), Ax, must be a highest weight Vector for Ls. But all highest weight vectors for
L; contained in V(A) are given by vx Hence o(s)—B,2 o(S) implies Ax, =0.
Conversely, if o(s,)—B,€ o(S), then pe{i,,...,i;}. Now x, contains a unique term

of the form g; ... 8,®u,_g . Hence, according to (4.19) Ax, contains a unique term
of the form

8- gi/gp® Up
which shows that Ax, #0.

The image of V(A—p,) under A, ImV(A—B,)=J(A—-8,), is a submodule of V(A)
with highest weight A—g,. From lemma 4, it follows that the L5 components V°())
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of J(A—pB,) are those for which A € a(S) and for which A is a highest weight of an
L; module contained in V(A - f,). Hence

ch J(A-B,) II [exp(a/2)—exp(~a/2)]

aelg

Y e(w) exp[w(A—B,,-\‘-po—B,-l—...—B,-k)]). (4.25)

I=sih<..<iy=mn (we w

Any other submodule of V(A) must have a highest weight from S. But from theorem
1 it follows that no weight vector of V(A) with weight A— 8,(i # p) can be a highest
weight vector for L, and from Kac (1978, theorem 3b) one can conclude that no other

weights of the form A-8; —...— B, (i;#p,..., i # p) correspond to highest weight
vectors for L. Hence
I(A)=J(A-B,). (4.26)

Then chV(A) =ch V(A)—ch J(A-B,), or explicitly
ch V(A) H+ [exp(a/2) —exp(—a/2)]

a€lp

=X E(W)exp[W(A+po)]+§< > €(W)exp[W(A+po—B,~)])+.--

we W we
i#p

+ 2 ( D S(W)exp[W(Aﬂ“po*B.-,—----B,A)]>+‘--

lsi<...<p<=mn \weW
I ® D, i =D

+ Y e(w) exp[w(A+po—2p,+8,)] (4.27)

we W

We shall now obtain a more convenient form of (4.27). For this purpose, let w, be a
fixed element of W and consider in all the parts of (4.27) the term with w=w,. This
is equal to

e(w,) exp[w,(A+p0)]<1 + % exp[-w(B)]+. .. +exp[-w,(2p, —B,,)]). (4.28)

1#£p

The right-hand side is

'"H {1+exp[-w\(B)]}

i=p

- wl('ﬁ [1+exp(=B) (1 +exp(—;s,,>]")

i=1

= W1<exp('P1 +8,/2) ’"Ij’l [exp(B./2)+exp(—Bi/2)]

x [exp( ﬁp/2)+eXp(—Bp/2)]_'>- (4.29)
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But w,(p;) =p, and II[exp(B;/2) +exp(—B,/2}] is W invariant. Hence, (4.29) equals

177 [exp(Bi/2) +exp(=Bi/2)]
{exp[w,(B,/2)]1+exp[—w,(B,/2)]}

Combining the previous results, we find the following.

exp[—p1+ wi(B,/2)] (4.30)

Theorem 2. Let A be the highest weight of an atypical representation for which the
conditions (4.7) and (4.19) are fulfilled. Then

ch V(A) [I, [exp(a/2)—exp(-a/2)]

aclp

mn /\
= -; [exp(B:/2) +exp(—=B1/2)]...[exp(Bi/2) +exp(=B./2)] ...

... [exp( an/2)+exr>(—13mn/2)]( ZW e(w) exv[W(A+p+%B,,)])

: (4.31)
where W, ={we W|w(B,)=8;} and™ "is written above the factor to be deleted.
Note that (4.31) coincides with expression (2.11) of Sharp et al (1985) in the case of
sl(m/n).

We have tried to find a similar expression for representations where more than one
atypicality condition is fulfilled, but have not obtained a satisfactory result.

5. Example

In this section we shall give an example of an atypical representation of the Lie
superalgebra L =sl(3/2). In particular we shall consider a representation with highest
weight A which is ‘low lying’ (this means for which (4.7) is not fulfilled). Although
the proof of (4.31) only works for highest weight representations satisfying (4.7), the
following example indicates that (4.31) may be true for all single-atypical representa-
tions.

The simple roots of s1(3/2) are, in the same notation as § 2,

£, &y £:— €y £3— 6, 8,—8,. (5.1)
For A € H*, the labels of A are (a,, a,, a;, a,) with

a, = A(H,). (5.2)
Then one can express A as follows:

A=(aita,tay—as)e t{a+as—as)e,+(a;—as)es+a,é,. (5.3)
Note that the following equation holds in H*:

(e,+e3+&3)-(8,+8,)=0. (5.4)
The elements B, of A} are determined by

(ﬂl,Bz,---,ﬁs)=(E|_5x,31“52, g2 81, 8:—8,,8,—8,, €3~ 5,). (5.5)
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In this order, the six atypicality conditions are

(1) a,ta,ta,+2=0

(2) a,+ta,+a;—a,+1=0

(3) a+a;+1=0 (5.6)
(4) a,tas;—a,=0

(5) a;=0

(6) a;—a,—1=0.

The even part of s1(3/2) is sI(3)®sl(2)@u(1). In general, sl(m/n) contains a u(1)
generator h such that

[h, x]=jx forxel,je{-1,0,+1}

where L_ @ L,®L,, is the previously mentioned Z gradation. An explicit expression
for h is given by

n m n-—1
h= iH, — -)H,,;. 5.7
n—m,;’ ! n-m,»;(n D (5.7)
For s1(3/2) we find
h=-2(H,+2H,+3H,)+3H,. (5.8)

Every dominant integral weight A with labels (a,, a5, a;, a,) is also the highest weight
of an irreducible Ly module V°(A). This module V°(A) is characterised by the sl(3)
Cartan-Dynkin labels (a,, a,), the sl(2) label (a,) and the eigenvalue of the u(1)

generator k = —2(a,+2a,+3a;)+3a,. Hence, V(1) is determined by the following
set of labels:

(a,, ax/as/ k). (5.9)

Let A be the highest weight with labels (1,0,0,1). Clearly A satisfies exactly one of
the atypicality conditions, namely (5.6(5)). Obviously, (4.7) is not fulfilled. However,
after some lengthy calculations, we find that (4.31) gives rise to the following L; module
structure of V(A) (in the notation of (5.9)):

(1,0/1/1)@(0,0/2/0)®(0,0/0/0)®(1,1/0/0)®(0,1/1/-1). (5.10)

Thus, (4.31) yields the correct character formula. Indeed, (1,0,0,1) is the adjoint
representation of sl(3/2): (1,0/1/1) is sl,®sl¥ (with u(1) value +1), (0,0/2/0) is the
three-dimensional adjoint representation of sl(2), (0, 0/0/0) represents u(1), (1, 1/0/0)
is the eight-dimensional si(3) representation and (0,1/1/—1) is the six-dimensional
sl(3)@sl(2) irrep sl ®sl, (with u(1)-value —1).

This example (and some other examples studied by the author) argues that, although
the proof of (4.31) is not valid for ‘low lying’ representations, the final character
formula of theorem 2 is true for all single-atypical representations.
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Note added in revision. 1t was pointed out by the referee that the definition of the mapping A after equation
(4.24) is not completely convincing. For example, if gx, = g'x, for g # ¢', one has to show that this implies
qAx, = q'Ax,. It would be natural to seek for an alternative definition of the mapping A where its properties
are unambiguously clear but we have been unsuccessful in such an attempt.
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